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ABSTRACT

We prove a non-commutative version of the weak-type (1,1) boundedness
of square functions of martingales. More precisely, we prove that there
is an absolute constant K with the following property: if M is a semi-
finite von Neumann algebra with a faithful normal trace 7 and (My)92,
is an increasing filtration of von Neumann subalgebras of M then for
any martingale x = ()%, in L1(M, 1), adapted to (Mn)3 ;, there
is a decomposition into two sequences ()32, and (2n)32, with z, =

Yn + 2n for every n > 1 and such that

0o 1/2 o 1/2
' ( > |dyn|2> (Z Idz;:F)
n=1 n=1

This generalizes a result of Burkholder from classical martingale theory

+

1,00

< K|zl

1,00

to non-commutative martingales. We also include some applications to
martingale Hardy spaces.

0. Introduction

The starting point of this paper is a classical result of Burkholder on weak-type
(1,1) boundedness of square functions of martingales, which we state explicitly:
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THEOREM 0.1 ([Bl]): Let (fn)S2, be a martingale on a probability space
(,%,P) and S(f) = (502, |fn — fa-1]?)'/2. Then there exists an absolute
constant M such that for every A > 0,

AP(S(f) > A) < M sup (| fn).

The quantity S(f) is called the square function of the martingale (f,)5; and
inequalities of the likes of the one in Theorem 0.1 are referred to as square function
inequalities. Square function inequalities have been a very useful tool in various
parts of analysis and have been extended to cover many varieties of differing con-
texts (see for instance the book [EG] for extensions and applications to Harmonic
analysis, the survey article [B2] for their use in Banach space theory). Note that
martingale square functions are closely related to martingale transforms. In fact,
Theorem 0.1 can be deduced from the weak-type (1,1) boundedness of martingale
transforms via Khintchine inequalities or by Doob’s identity (see for instance [G,
Chap. II)).

As parts of the general development of quantum probability theory (see the
books by Meyer [M] and Parthasarathy [P] for more information on quantum
probability along with its connections with other fields of mathematics such as
mathematical physics and classical probability), the theory of non-commutative
martingales has received considerable attention in recent years. Indeed, many
of the classical inequalities in the usual (commutative) martingale theory have
been generalized to the non-commutative setting. Let us recall some sample
contributions by several authors. For instance, pointwise convergence of non-
commutative martingales was considered in [C] and [DN]. The non-commutative
Burkholder—Gundy inequalities and a non-commutative analogue of Stein’s in-
equality were proved by Pisier and Xu in [PX]. A non-commutative analogue
of Doob’s maximal inequality was successfully formulated and proved by Junge
in [J] and non-commutative Burkholder/Rosenthal inequalities were studied by
Junge and Xu in [JX1] among many other related topics. These different results
pave the way to the consideration of non-commutative martingale Hardy spaces
and non-commutative martingale BM O which are very closely related to square
functions.

It is a natural question to consider if Theorem 0.1 has non-commutative coun-
terparts. We recall that non-commutative martingale transforms are of weak-type
(1,1) ([R1]). However, unlike the classical case, a non-commutative analogue of
Theorem 0.1 cannot be deduced directly from the weak-type (1,1) boundedness
of martingale transforms as (at least at the time of this writing) there is no
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adequate Khintchine inequality for non-commutative weak-L!-spaces.

Our main result is Theorem 2.1 in Section 2 below which is an analogue of
Theorem 0.1 for non-commutative settings. One should note, however, that for
non-commutative Burkholder-Gundy inequalities obtained in [PX], the square
functions were formulated differently according to p > 2 or 1 < p < 2 (this
phenomenon was first discovered for non-commutative Khintchine inequalities,
[LP, LPP]) so one is lead to consider the appropriate form of square functions
for the non-commutative weak-L!-spaces which, as expected, should be similar
to the case 1 < p < 2 previously studied for the Burkholder—-Gundy inequalities.

The paper is for the most part self-contained. Our method of proof depends
heavily on a non-commutative version of the classical Doob’s maximal inequality
obtained by Cuculescu [C]. The novelty of our approach is the use of triangular
truncations to decompose any given martingale into a sum of sequences whose
(appropriate) square functions belong to the corresponding non-commutative
weak-L!-space.

The paper is organized as follows: In Section 1 below, we set some basic pre-
liminary background concerning non-commutative spaces and non-commutative
martingale theory that will be needed throughout. Section 2 is devoted mainly
to the statement and proof of the main result. We end the paper with some con-
sequences of the main result to martingale Hardy spaces and martingale BMO
spaces.

Our notation and terminoclogy are standard and may be found in the books
[KR1], [KR2] and [T].

1. Preliminaries

Throughout this paper, M is a semi-finite von Neumann algebra with a normal
faithful semi-finite trace 7. The identity element of M is denoted by 1. For
0 < p < o0, let LP(M, 7) be the associated non-commutative LP-space (see for
instance [DI] and [N]). Note that if p = co, L®(M, 1) is just M with the usual
operator norm; also recall that for 0 < p < oo, the (quasi)-norm on LP(M, 1) is
defined by

zllp = (r(j2lP)'?, @ € LP(M,7),

where |z| = (z*)/2 is the usual modulus of z.

Let us recall the general setup for martingales. The reader is referred to [DO]
and [G] for the classical (commutative) martingale theory. Let (M,)3%, be an
increasing sequence of von Neumann subalgebras of M such that the union of
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M,’s is weak*-dense in M. For each n > 1, assume that there is a normal
conditional expectation &, from M onto M, satisfying:

(i) En(azbd) = a&,(z)b for all a,b € M,, and z € M;

(i) T0&,=7.

It is clear that for every m and n in N, £,.&, = En&m = Emin(n,m)- Since &,
is trace preserving, it extends as a contractive projection from L?(M,7) onto
LP(My,7,) for all 1 < p < co where 7, is the restriction of 7 on M,,.

We remark that if AV is a von Neumann subalgebra of M, then there is a normal
conditional expectation from M onto A if and only if the restriction of the trace
of M to N remains semi-finite. For the case where M is finite, such conditional
expectations always exist. Indeed, if A/ is a von Neumann subalgebra of a finite
von Neumann algebra M, then the embedding t: LY(N,7) — L'(M,7) is an
isometry and the dual map £ = ¢*: M — N yields a conditional expectation
(see, for instance, [T, Theorem 3.4]).

The following definition isolates the main topic of this paper.

Definition 1.1: A non-commutative martingale with respect to the filtration
(M), is a sequence T = (2,)3%, in L'(M, 1) such that

En(Tpnt1) =z, foralln>1.

Similarly, if for all n > 1, £,(zn41) < T (respectively, £,(zn+1) > ), then

()52, is called a supermartingale (respectively, submartingale).

If additionally z € LP(M,T) for some 1 < p < oo, then z is called a LP-
martingale. In this case, we set

1zl := sup[|zalp.
n>1

If ||z||, < oo, then z is called a bounded LP-martingale. The difference sequence
dr = (dz,)2%; of a martingale (or just a general sequence) z = ()52, is defined
by

dTn = Tn — Tn-1

with the usual convention that xy = 0.

Recall that a subset K of L!(M,7) is said to be uniformly integrable if it is
bounded and for every sequence of projections (p,)32; with p, |, 0, we have
lim,, 00 SUp{||pnhpslli;h € K} = 0 ([R2]). It is clear that a martingale z =
()2, in LY(M,7) is uniformly integrable if and only if there exists £, €
LY(M, ) such that z, = £,(z«) for all n > 1. In this case, the sequence
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(zn)S2, converges to ZToo in L1(M, 7). In particular, if 1 < p < 0o, then every
bounded LP-martingale is of the form (£, (%)), for some 2o € LP(M,T).
The following decomposition of bounded Ll-martmgale is the non-commutative
extension of the classical Krickeberg’s decomposition of martingales into linear
combinations of positive martingales. It will be used in the sequel.

THEOREM 1.2 ([C]): Let x = (z,)S%; be a bounded L!-martingale. Then
(zn)22, admits the following decomposition:

o = 0D~ 1) +i(af) — 219)

for all n > 1 where, for each j € {1,2,3,4}, the sequence (x%j))‘x’_ is a positive

n=1
bounded L!-martingale. Moreover, if z, = i, for all n > 1, then ||z|; =
(@) + 7).

The proposition below can be viewed as a substitute for the classical weak-type
(1,1) boundedness of maximal functions. It plays a crucial role in the proof of
our main result. A short proof of the form stated below can be found in [R1].
ProposiTiON 1.3 ([C]): If z = (z,)32, is a positive bounded L'-martingale
and X\ > 0, then there exists a sequence of decreasing projections (q(nx));l"’=1 in M
with:

(i) for every n>1, q(A) € My;

(ii) ¢ ) commutes with qnylangyl;

(iii) q x q’\) < AGY oF
(iv) (q )"":1 is a decreasing sequence and if we set ¢ = A2, ¢ then
(1 = ™) <|lz[l /A

A “disjoint”-version of Proposition 1.3 as described below will be used in the
sequel.

PROPOSITION 1.4: If x = (z,)32, is a positive bounded L'-martingale and qn
is the projection associated to A > 0 and n > 1 as in Proposition 1.3, then
there exists a sequence of disjoint projections (p; n)2, in My, with the following
properties:

(i) Y_ooqPin = 1 for the strong operator topology;

(i) for everyng > 1, 312 Pin < q(2n ),

k
Proof: We will use Proposition 1.3 inductively. Set po.n = Apeo q,(f ) and, for
i>1,

X R N k
(L.1) pin= N2 - A\ o
k=1 k=i—1
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Clearly (p; n)2, is a sequence of dls_]omt projections in M,,. Moreover, for every
2k
m 21, Zz‘:opim = /\k mq( Vs

m o0 X
A=Y pin)=7(1- A ¢¢)
=0 k=m
o0
=r(\/ @
k=m
o0
<Y Z 27¥|jzl
k=m

which proves that 7(1 — Y00 Pin) = lilmoeo 7(1 — 3ty Pin) = 0. No-
tice that (1 — 3" pin)oe—o is a decreasing sequence of projections in the fi-
nite von Neumann subalgebra (1 — po,)M(1 — po,n) and, since 7 restricted
to (1 — pon)M(1 — po,n) is a faithful normal functional, we can conclude that
1- 3" Pin 4m 0 and hence Yo2oPin = 1. To conclude the proof note that
as 320 Pin = Nimny s 2 , it is clear that it is a subprojection of g 2" The
proof of the proposition is complete. ]

Remark 1.5: In the statement of Proposition 1.4, one can also use the projections
¢@) for k > 1. That is, if we set po = A2, q2") and for i > 1, p; := A2, g
— A2, 1 4@, then (p;)2, is a sequence of disjoint projections in M with:

(i) Yoo ps = 1 for the strong operator topology;

(ii) for every ng > 1, S0, p; < ¢(2™).

We end this section by recalling the general definition of non-commutative
spaces associated with rearrangement invariant spaces. For this purpose, we
consider the general construction of non-commutative spaces as sets of densely
defined operators on a Hilbert space. This allows an easy introduction of non-
commutative weak-LP-spaces that are central for the topic of this paper.

Throughout, H will denote a Hilbert space and M C B(H). A closed densely
defined operator @ on H is said to be affiliated with M if u*au = a for all
unitary « in the commutant M’ of M. If a is a densely defined self-adjoint
operator on H, and if a = ffooo sde? is its spectral decomposition, then for any
Borel subset B C R, we denote by yp(a) the corresponding spectral projection
S fooo xB(s)de?. A closed densely defined operator a on H affiliated with M is said
to be T-measurable if there exists a number s > 0 such that 7(x(s,00) (|a])) < 0.

The set of all -measurable operators will be denoted by M. The set M is
a x-algebra with respect to the strong sum, the strong product, and the adjoint
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operation [N]. For x € M, the generalized singular value function u(z) of z is
defined by
pi(z) = inf{s > 0: T(X(svoo)(ll'l)) <t}, fort>0.

The function ¢t — p(z) from the interval [0,7(1)) to [0, c0) is right continuous,
non-increasing and is the inverse of the distribution function A(z), where A;(z) =
T(X(s,00)(|2)), for s > 0. For an in-depth study of u(.) and A(.), we refer the
reader to [FK]. For the definition below, we refer the reader to [BS] and [LT] for
the theory of rearrangement invariant function spaces.

Definition 1.6: Let E be a rearrangement invariant (quasi-) Banach function
space on the interval [0,7(1)). We define the symmetric space E(M, 7) of mea-
surable operators by setting

EM,7)={z € M: u(z) € E} and
lzll e,y = llw(@)llE, for € E(M, ).

It is well known that E(M,7) is a Banach space (respectively, quasi-Banach
space) if E is a Banach space (respectively, quasi-Banach space). The space
E(M,7) is often referred to as the non-commutative analogue of the function
space E and if E = LP[0,7(1)), for 0 < p < oo, then E(M,7) coincides with
the usual non-commutative LP-space associated with (M, 7). We refer to [CS],
[DDP1], [DDP2] and [X] for more detailed discussions about these spaces. Of
special interest in this paper is the non-commutative weak LP-spaces. For 0 <
p < o0, the non-commutative weak LP-space, denoted by LP**°(M, ), is defined
as the linear subspace of all x € M for which the quasi-norm

12 ]lp,00 := sup /P pe(z) = sup AT (x(,00) (|21)) /7
t>0 A>0

is finite. Equipped with the quasi-norm || - ||p,c0, L”**(M,7) is a quasi-Banach
space. It is easy to verify that if 0 < p < oo, then ||z||p00 < [|2]|p, for all
x € LP(M,7), and if 7 is a normalized finite trace, then for 0 < r < p < o0,
l1yllr < 1yllp,co for all y € LP(M, 7).

2. The main result

Following the lead of Pisier and Xu [PX], we will consider the following square
functions: for a sequence z = (z,)2%; (not necessarily a martingale), we denote
by dz the difference sequence as in Section 1. For n > 1, set

Som(x (Zum) and Sgn(e) = (Z|dxk|2>

/2
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Let E[0,7(1)) be a rearrangement invariant (quasi-) Banach function space on
[0,7(1)). For any finite sequence a = (an)n>1 in E(M,7), set

1/2
lellganis) = (2 lanl2)
TLZI E(MvT)
and
1/2
ol aea) = ] (Da;i“’) |
n>1 E(M,T)

The difference sequence dz belongs to E(M; %) (respectively, E(M;1%)) if and
only if the sequence (S¢n(z))32, (respectively, (Sgn(z))3%;) is a bounded se-
quence in E(M,7). In this case, the limits So(z) = (X4, |drx]?)/? and
Sr(z) = (X2, |dz}|?)/? are elements of E(M,T).

We will retain all notations introduced in the preliminaries. In particular, all
adapted sequences are understood to be with respect to a fixed filtration of von
Neumann subalgebras. The principal result of this paper is Theorem 2.1 below

which generalizes a classical result of Burkholder stated in Theorem 0.1.

THEOREM 2.1: There is an absolute constant K such that if r = (z,)32; isa L!-
bounded martingale, then there exist two sequences y = (yn )%, and z = (2,)52,
such that:

(@) for everyn > 1, z, = yp + 2n;

(8) for every n > 1, y, and z, belong to LV (M, ,);

() Nyllzoagazy + 2l o anzy < Kl

To emphasize the role played by the triangular truncations, we will treat first
the case where the von Neumann algebra M is finite with the trace 7 being nor-
malized. Then we will sketch the necessary adjustments needed to recover the
general semi-finite case. Of course one could directly present the proof for the
semi-finite case, but the added technicalities would obscure the general philoso-
phy behind the main construction.

Assume that M is a finite von Neumann algebra and 7 is a finite normalized
trace. The proof will be divided into several cases.

CASE A: The martingale ¢ = (,)92., is a positive martingale and ||z]|, = 1.
This is the most important case as we will see below that the general case can

be deduced from Case A via Theorem 1.2. We will use several steps.

STEP 1: Construction of the sequences (y,)5>; and (zn)3%;.
For each n > 1, let (p; )2, be the sequence of disjoint projections in M,
obtained from Proposition 1.4. Since Y72 pi» = 1, we have that for every
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a € L'(M,), we can write: a = 372 3% pinapjq. Define the sequences
()82, and (yn)S2, as follows: for n > 1,

(2.1) { dyn := 2;‘)0:0 Eigj PindTap;n and

dzy := Zjoio Zi>j Pi,ndTnPjn-

Clearly, dz,, = dy, + d=, for every n > 1 and therefore z, = y, + 2,,. More-
over, as dr, € LY(My,,m,) and (p;n)2, are disjoint projections in M,,, dy,
and dz, are triangular truncations of dz,,, we get that dy, and dz, belong to
LY%(M,,T,) (see [DDPS, Theorem 1.4] or [R3, Theorem 4.8]) and so do y, and
Zn-

We will only have to show that there is an absolute constant C such that
(2.2) “dy“le(M;lzc) < Cllzlfs-

Indeed, if such inequality is valid, it follows from the construction of (yn)o>,
and (2z5)5%; that {|dzfl 110 42 should satisfy the same inequality. In fact,
S L 1dzx)? and 300, |dy,|? are essentially of the same form as demonstrated
in the next lemma.

LEMMA 2.2: For every n > 1, we have

[ S3NRe o]
|dyn|2:zz Z PindTnpindrTnpj, and

(=0 j=0 {<min(l,5)

oo 00
|d’7';::|2 = ZZ Z PLndTnpindTnpjn

(=1 j=1 i<min(l,j)
where the sums are taken in the measure topology.

Proof Forn > 1and N > 1, set dyl) = Z;.V:O 2 i<j PindZnpjn. Clearly,
dy$™) € LY (M, 7) and dyt™ converges to dy, in LV°(M, ) if N — co. Con-
sequently, |dy$"|? converges to |dy,|? in L1/2°(M, 1) if N = co. We have, by

the definition of dy,(lN),

N N
Idy (Z Z pl,ndxnpm,n> ( Z Zpi,ndxnpj,n>

1=0 m<lI §=0 <3

SN_: A%V_:p dzy, ( Z Pm n) (Zpi,n) dTupjn.

=0 j=0 m<l i<y
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As the p;n’s are disjoint, (3, <; Pm.n)(3ic; Pim) = 2i<min(i,j) Pin and there-
fore,

N N
g™ =33 Y PindTapiadTapin.

1=0 j=0 i<min{{,5)

Taking the limit as N — oo, we obtain the expression of |dy,|? as stated.
Similarly, since dz;, = 3020 3 i PindTnPin = Yioq 2 5c; PimdTnPin, the

same computation gives that |dz}|? is as stated in the lemma. |

We are ready for the proof. According to the definition of the quasi-norm
] l1,00, we will have to show the existence of a numerical constant C such that
for every A > 0,

(2.3) T(X(r,00)(Sc(¥))) < CAT

Some of the techniques used below were already employed in [R1]. However,
because of the complexity of the proof, we choose to include all details. All steps
taken below can be read independently from [R1].

¢ First, we consider the particular case: A = 2™ for some ng > 0.

STEP 2: Reduction to bounded difference sequence. Until the end of the proof,

we will simply write (g,)32,; (respectively, q) for the projections (qfno));f’:l

(respectively, ¢(2"%)).

LEMMA 2.3: Let wn, = Y7200 pi = Ajey, ¢@". For every a € (0,1) and every
B €(0,1),

T(X(2%0.00) (Se(®))) < &~ B4 7w S (y) wny) + 4(1 = @) 127,

Proof: Set S =Sc(y)? =Y oo, |dyn|?. Split the operator S into three parts:
S = Wy Swny + (1 — Wy ) Swry + S(1 — wy,).

Fix o € (0,1) and § € (0,1). Using properties of generalized singular value
functions u(-) from [FK], we have

1
(X2 o) (§V/2)) = /0 Xeamo o0y (e (S/7)) dt.

This follows from [FK, Corollary 2.8] by approximating the characteristic function
X(270,00) (+) from below by sequences of continuous functions f on [0, 00) satisfying
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f(0) = 0. We can deduce the following estimate:

T(X(270,00) (S?)) = / X(270,00) (¢(S)'/?) dt
1
= [ oo (5))

1
S/O X(4"0,oo){:“ozt(wnoswno) + N(l—a)t/z((l — Wy ) SWn,)
+ m1-ayt/2(S(1 — wn,))} dt.

As M(l—a)t/?(wnos(l - w'ﬂo)) < /‘(l—a)t/Q(l‘S’(l - wno)l)» we get

1
T(X(2"0,oo)(51/2)) S/O X(4"0,oo){:u'at(wnoswno)
+ 2#(1—&)t/2(|s(1 - wno)l)} dt

< /O 1 X(8470,00) 1ot (Wno SWny) } dt

+ /01 X((l—-ﬁ)4"0,oo){/J'(l—or)t/2(2|S(1 - wn0)|)} dt
:/01 Nat(X(ﬂ4"0,oo)(wnoswno)) dt

+ [ ey 21~ wn )}

Since x((1-g)4m0,00)(2|1S(1 — wy,)|) is a subprojection of 1 — wy,, it follows that

1

1
T(X(2m0,00) (S17%)) < / Hat(X(8470 00) (Wny SWny ) dt +/ B(1—a)yty2(1 —wny) dt
0 0

and, by change of variables,
T(X(zﬂo,oo)(sl/2)) <a™! /01 pe (X (8470 00) (Wr Swhy ) dt
+2(1-a)”! /0l pe(1 = wn,) di,
and therefore
T(X(2r0,00) (5?)) < a7t /01 11 (X (8B4m0 00) (Wno SWn,)) dt +2(1 — @) 17 (1 = wp,).

Recall that wn, = 3100 Pi = Njeng d®) s01 - Wpy = \/;'.';no(l - q(Qk)). By
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Proposition 1.3, we can deduce that

o

T(l _'wno) < Z T(l _q(z’“))

k-no

< 22— =220,

k=no

Combining with the previous estimate, we have

1
T(X(2m0,00)(ST?)) < @7 /0 pe(X (8470 00) (Wny St )) dt +4(1 = a) 7127,
We conclude the inequality,
T(X(270,00)(S7%)) < @1 BT (wny Swy, ) + 4(1 — @) TH27™

Thus the lemma, is proved. |

STEP 3: Difference sequence of a supermartingale in L*(M, 1).

LEMMA 2.4: The sequence (¢nTnqn)3>., is a supermartingale in L*(M, 1) and

00
(wnOSC(y wnu Z |anchn - Qn—lmn—IQn—lng-

Proof: We first note that since both sequences (g,)5%; and (z,)52, are adapted,
it is clear that (gnzngn)>, is adapted. To prove that it is a supermartingale, we
need to verify that for every n > 2, £,_1(¢n®ngn) < @n—1Zn—1gn—1. This follows
from the construction of the sequence (¢,)5%; in Proposition 1.3. In fact, since
¢n commutes with ¢n_12n¢n—1 and ¢ < gn-1, @nTngn < Go—1ZTngn-1. As Eny
is a positive contraction,

gn—l(‘IniEnQn) < gn—l((In—IT'n(In—l)
= Qn—lgn——l(fcn)qn—l
=qn-1Zn-19n-1-

This proves that (¢,2,¢,)5%, is a supermartingale. To prove the inequality, fix
N > 1. From the form of |dy,|? stated in Lemma 2.2, we can write

N o o

wnosé,N wno Z Z Z Z WnyPL, ndxnp't ndxnpg nWny -

n=1 =0 j=0 ;<min(l,5)
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We claim that the sums taken in the expression of wn,S% y(y)wn, above are

finite sums. For this, we remark that if | > ng, then wyp,pi.n = pipwn, = 0.
k . k

In fact, as pin = Aje lq(2 Y Lg ) and ¢ < Vor all k > 1, it is

clear that wy, = /\k_n g’ () s a subprojection of Apo,_ 1q$L g when [ > ng and

therefore wy, L p;,. With this observation, we can write

N ne nNo

2
Wny SC,N w’no Z Z Z Z 'w'nopl,ndxnpi,ndxnpj,nwno

n=1{=0 j=0 i<min(l,5)
ny nNo
= Z Wy <Z Z Z Pi,ndTn D ndxnp], )wno
=0 =0 i<min(l,7)

Taking the trace, we get

o

o
Z z Z (pl,nd"l'npi,ndxnpj,n)
1=0

7=0i<min(l,5)

ng
Z T(pl,ndl'n(zpi,n)d$nplm>

n=1 =0 i<l

(wnOSC N(y wno < Z

1

N
n
N

Il

N

o 1o
Z T(pl,nd-r'n (Zpi,n) dxnpl,n) .
1!=0 1=0

n

IN

k
Since 3120 Pin = /\:’;no qﬁf ) < gn, we have

g

N
T(wm)sg‘,N(y)wno) < Z T(pl,ndanndmnpl,n)

7o
T ( ( Z pg,n> danndxn>
=0
ng
T (qndfcn ( Zpl,n) d$nQn)

=0

3
il
-
o~
il
<}

Il
M=

3
il
—

I
M=

3
1]
-

M=

T(@ndTrngndzngn).

3
|l
-

We can also get this by noting that from the computation of wy, Sa N (@) wn,
N
above we have wn, SZ y (y)Wne = Wny (Xrey | X520 Lic; PindZnjn|?)tn,, and

therefore

70 2

Z sz ndxnp] n

7=0 <4

3

N
2
7-(wno SC,N wno Z
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and since triangular truncations are contractive in L?(M, 1), we have

ng no

Z Z Di ndmnpj,

7=011=0

7(Wny S&,n (Y)wno) <Z

n=1

n=1
To conclude the proof, we will verify that for every n > 1,

T(QndanndInq'n) < ”qnann - Qn—lzn—-IQn—lllg'
This follows directly from the fact that ¢, < g,—1. In fact,
T(qndanndann) = T(Qn(xn - fEn—l)Qn(itn - xn*l)q'n)
= T(an(QR$nQn —gn-1Tn-1 Qn—l)QnP)
< T(in‘]nann - Qn-lxn—lqn—llzq'rz)
< ”(Zn«Z'nQn - (In—lxn—l(}n—l”%-
Taking the limit as N tends to oo, the proof is complete. |

Note that if we set ¢ = (gnZngn)5>, then the right-hand side of the inequality
in Lemma 2.4 is equal to ||Sc(g)|l?. This suggests the need to transform the
supermartingale into a martingale.

STEP 4: Write the supermartingale as a sum of a positive martingale in L(M, T)
and a decreasing sequence of operators.
This is achieved by setting

(2.4) £ = nng forn =1,
’ " T @nndn + 205 q@iq — E(@tipiqier)  forn > 2,

and

0 forn=1
2. n = n— ’
25) ¢ { Y Sl @z qien) — amg forn > 2.

Clearly, £ = (£,)3%, is a positive martingale. Moreover, for every n > 1,
(2:6) §n + Cn = GnTngn
and

(2‘7) CnSCn—IS"'SCI':O-
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LEMMA 2.5: The sequence £ = (£,)2, is a bounded L?-martingale with

€3 < 3.2,

Proof: Since £ is a martingale, for every N > 1, we have

N 1/2
(z_j den?)

The main idea is to estimate ||dé, || for all n > 1. Fix n > 2. We remark from
the definition of £ in equation (2.4) that &, = &1 + @nZngn — En-1(qn2ngs) and
therefore

2 N

> ldéalis.
=1

2 n=

e = |

d&n = qnTnTy — gn—l(annQn)
= (annQn - qn—lxn—IQn—l) + (Qn—lmn—IQn—l - gn—l(annQn))-

Since || - [|2 is convex,

”dgn”g 52(|IQnann - ‘In—lxn—IQn—l'lg + HQn—lxn—l(In—l - gn—l(Qn-’EnQn)“g)
=27—((qn$nQn - %-1%—1%—1)2)
+ 27—((‘1n—1xn—14n—1 - gn—l(Qnann))2)
=I+11I.
We will estimate I and IT separately. First for I, we use the identity (a — b)% =
a? — b + b(b — a) + (b — a)b for self-adjoint operators. With a = ¢,zng, and
b = ¢n—-1Zn—1gn—1, we have, after taking the trace,
I :2T((qnan1‘b)2 - (Qn—l‘Tn—IQn—l)Q)
+ 4T(Qn——lwn—1q'n—1[Qn—l-Tn—IQn—l - annQn])
:27'(((Inivnqn)2 - (Qn—1$n—lqn—1)2)
+ 4T(qn—1$n—l Qn—l[Qn—lxn—IQn—l - gn—l(Qnann)])'
By Proposition 1.3 (iii), {|gn—1Zn—1gn-1llcc < 2™. Moreover, as (gnTngn)or; is
a supermartingale, ¢n—1Zn—1¢n—1 — En—1(qnZngn) > 0. Therefore, we get
I S2T((Qn$nQn)2 - (Qn—lxn—IQn—1)2)
+ 2n0+27(Qn—137n—1(In—1 - gn—l(annQn))

227((qnann)2 - (Qn—lxn—IQn—l)z) + 2n0+27(qn—l$n—IQn—l - annQn)‘

For I1, again since ¢n—1%n_1gn-1 > @n-1Zn-19n-1 — En-1(qnTngn) > 0, we have

”qn—lxn—IQn—l - gn—l(‘]nl'nq'n)“oo < [l‘In—ll'n—l‘In—l“oo <2,
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Hence, we get
II < 2n0+lT(Qn—lxn—1‘In—1 - gn—l(‘]nwnqn))
= 2" 1 (gp—1Tn=1Gn-1 — GnTndn)-

Combining the preceding estimates on [ and 11, we conclude that for every
n> 2,

lldfn”g S2(HannQ7z”% - HQn—lxn—IQn—l”g)
+ 3.2 (g1 T 1Gn-1 — nTndn)-

Now, we take the summation over 1 <n < N,

N
e i3 =gzl + 3 lldéall3

n=2
N
<lazal3 +2 3 (l0nzngnll3 = gn-12n-1n-1])
n=2
N
+ 3.2m0H Z T(Qn—l Tp-14n-1 — QRann)
n=2

=[lqz1q1l5 + 2(lgvenan |l - oz ll3)

+ 32" r(qrr1qr — gvTNgw)
=2llgvenan(ls - llaaialll + 3.2 (@ ~ gv)en)
<2"*lr(gyan) — lareiall; + 3.2+ (@1 — an)an)
=3.2" r(qizn) - 2 P r(gvan) - laniall; < 3.2™F.

Taking the limit as N tends to oo, the proof is complete. |

LEMMA 2.6: 307 [[gn®ngn — Gn-1Zn-1qn-1ll3 < 4{I€]I3.

Proof:  Let (r,(-))32., be the sequence of Rademacher functions on [0, 1] (see for
instance [W, p. 12] for the definition and properties of (r,(-))2%,). Let N > 1.
From equation (2.6), we have

N N
Z HannQn - Qn—lxn—ﬂ}n—l“% = Z Hdgn + an”%
n=1 n=1

2/01

N

Z o (t)(d€n + dGn)

n=1

2
dt.
2




Vol. 140, 2004 SQUARE FUNCTION INEQUALITIES 349

Since || - |2 is convex and martingale transforms are L2-bounded,

N 1 N 2
Z ”‘Inxn - Qn—lxn—1Qn—1”§ S2/ Zrn(t)dfn di
n=1 0 n=1 2
1 N 2
+2 / Y ra(t)dGa| dt
0 Nlp=1 2
1 N 2
vl +2 [ |3 ra(0dsa|
0 n=1 2

=2||gwll3 + I11.

To estimate II], recall from inequality (2.7) that { = ((,)3%; is a decreasing
sequence of operators with (; =0, so d(,, <0 for all n > 1. For every ¢ € [0, 1],

2

N N
= 33 ral®rs G = G-1) (G — Cut)-

k=1n=1

N
Z Tn (t)an
n=1

So taking the trace on both sides,

2 N N

Il
\‘
TN

=[I¢wll3-
Taking the integral, we have I1I < 2||(n||2 and therefore

N
Y gnTadn = n-1Zn-19n-1l3 < 20lEn 15 + 2/1¢w 13-

n=1
To conclude the lemma, note that &y — gvengy = —(nv > 0,50 €y > —(v >0
which gives that ||{n]l2 > |I(n|]2. Taking the limit as N tends to oo, the proof
of the lemma, is complete. 1
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To conclude the proof of inequality (2.3) for the case A = 2™, it is enough to
put together Lemma 2.3, Lemma 2.4, Lemma 2.5 and Lemma 2.6 above. In fact,

(X270 0) (Sc(¥))) <™ B4 (wny S () Pr0mg) + 4(1 — @) 12
o0
Sa—lﬂ—l4—n0 Z “‘Inann - Qn—lxn—IQn—lllg
n=1
F Al — )t
<a”' BT (4YIENR) + 41— )27
<2407 17127 4 4(1 —a) P27,

If we set C; := inf{24a"1871 +4(1 —a)~ ;@ € (0,1),8 € (0,1)} then
T(X(2m0,00) (Sc(¥))) < C1277.

Hence inequality (2.3) is verified for A = 2"0.
¢ Assume now that 1 < )\ < oc.
Fix ng > 0 such that 270 < X < 2%l We have

X(n00) (Sc () < x(2m0,00)(Sc (),
and therefore
T(X(rn00) (Sc () € C127™0 = 20,27 (0t < 20 A1

which shows that inequality (2.3) is valid for 1 < A < c0.

4 For the case 0 < A <1, we note that since 7(1) = 1, 7(x(x,00)(Sc(¥))) < 1.
In particular, 7(x(x,00)(Sc(y))) < A™1. Hence inequality (2.3) is satisfied.

With all possible values of A now covered, we can now conclude

ldyll L1 (ag2,) < 2C7.
From the similarity of |dy,|? and |dz};|> demonstrated in Lemma 2.3, we have
”dyHLl-oo(M;l%) + ”dz“Ll"”(M;l?z) < 4C;.

This completes the proof of Case A with C = 4C}. ]

Cask B: The martingale x = (2,,)2, is a positive martingale. For eachn > 1,
set T, = zn/||z]|1. Then T = (Z)92, is a positive martingale with ||z]|, = 1. By
Case A, there are sequences ¥ = (¥5)52; and z = (2,,)°%; with:

(i) for every n > 1, Ty, = §pn + Zn;



Vol. 140, 2004 SQUARE FUNCTION INEQUALITIES 351

(ii) [|dgll g1 (az) + 1dZ]| 1o a2y < C-
Setting yn := ||z|[1¥n and z, := ||z||1Z, for n > 1, we get that

Nayll L1 (auzy + lldzll L1 a2y < Cllells

This completes the proof of Case B. |

Case C: The martingale x = (1,)3, is a L'-bounded martingale with z,, = =},
for all n > 1. From Theorem 1.2, we can decompose the martingale z into
two positive L!-bounded martingales z(V = (z4)%, and z® = (z{?)%, with
=z -2 for all n > 1 and |jzl; = |lz®]1 + ||z®@ ||1 For j € {1,2}, let
( ])) 2, and (z(J) % . be the decomposition of () = (:r )) as in Case B. For
n > 1, we set
Yp = y(l) — y(2) and =z, := z(l) - 2(2).

We claim that [|dy|lzr.az) + 2]l agz) < 44/2C||z||; where C is the
constant from Case B.
For this, note that for every n > 1, dy,, = dy(l) dy(2) and therefore

dya|? = |dy V2 - dyPdy? — dy@ dyD + |dy'? |2
< 2ldyM|? +2|dyP .

Hence, Sc(y)? < 2Sc(y™M)? + 2S¢ (y@)?. Using properties of generalized singu-
lar value functions [FK], we have, for every ¢t € [0,1),

pe(Sc(v)) = m(Se(y)?)/?
< V2 (Sc(y™M)? + So(y®)?)!/?
< \/ﬁ{mﬂ(sc(y(l))z) + lit/z(SC‘(y(z))z}l/2
= V2{u/2(So(™M))? + pej2(Sc (y™)?}72.

From Case B, we note from the definition of || - ||1,c that for y € {1,2} and
5 €[0,1), ps(Sc(@)) < s71C||z);. This implies that

ue(Se(y)) < V{42 C2(|lz W] + l®H)}? < 2v208 a])v.

Consequently, ||dy||z1.=(m;2) < 2v2C||z||];. A similar estimate can be per-
formed on dz to conclude that ||dz||L1 =(Miz) < 2¢/2C)\z|l;.- |

CASE D: The general case. Let x = (2,)%%; be a L'-bounded martingale.
Write z,, = Re(z,) + iIm(z,). Clearly, (Re(z,))5%; and (Im(z,))5%, are self-
adjoint L!-bounded martingales. We can decompose the self-adjoint martingales
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(Re(zn))52; and (Im(z,))32, as in Case C. Details would be similar to the
reduction of the self-adjoint case to the positive case and are left to the interested
reader. The proof for the finite case is complete. |

Now, we will outline the adjustment for the proof to work in the semi-finite
case. We will only consider the case where z = (z,)5%, is a positive martingale
and ||z]|; = 1. We remark first that in the preceding proof, the fact that M is
a finite von Neumann algebra was used only to settle the case where 0 < A < 1.
The same construction as above would apply to the semi-finite case but we were
able to verify inequality (2.3) only for A > 1. The only obstruction for getting
inequality (2.3) for general A is the index j = 0 in the definition of y = (y,)32,.
Indeed if for n > 1, we set

o0
(2.8) | dvy, = Z Zpi,ndxnpjym

J=14<5
then dy, = pondznpon + dvy, and we have the following lemma:

LEMMA 2.7: ”d’Y”LI.oo(M;[%) + ”dz”lll"x’(M;l?t) < C”Il‘”l

Proof: Note that for each n > 1, |dv,| is supported by the projection (1~ pg »).
As po < po., for every n > 1, it is clear that S¢(7y) is supported by (1 — pp) and,
since 7(1 — po) < 1, we can deduce that for 0 < A < 1, A7(x(x,00)(Sc(7))) £ 1.
The case 1 < A is done exactly as in the finite case. The same observation applies
to dz. |

In light of the preceding lemma, it is enough to consider the “right” decompo-
sition of the sequence (po ndznpo.r)3,. To this end, as in Proposition 1.4, we
will decompose pg ,, into pairwise disjoint sequence of projections. For n > 1 and
t >0, we set

i i+1
(2.9) ein= NG Apos) = N@® ) Apos).
k=0 k=0
Similarly,
i e i+1 x
eci= N\@® ) Apo) - N@® ) Apo).
k=0 k=0

Remarks 2.8: We have the following immediate properties:

(i) For each n > 1, (e;n), is a sequence of disjoint projections.

-k
(ii) For every m > 1, ™ ein = pom — ATZ (@2 Apon)-
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e k
(iii) For every m > 1, Zfi €in _/\m+1(Qn g A Do) — /\k olan @ /\po,n)‘
In particular, Y pe,, €in < quz,z ),

(iv) For every n > 1, Z;io S0 €indZnejn = Po,ndTnPon-

We are now ready to provide the decomposition of (po nd2npon)se, in the
same fashion as above. For every n > 1,

d=, = Z‘;’;O Yicj €indTne;n and
j= <
n ‘= i i>i €i,nATn€jn.
dv Z] 02»;6 dzpe;

Clearly, po.ndznpo,n = d=, + d¥, for every n > 1. As above, d=, and d¥,
belong to L}*(M,,, 7,) and we claim that there is a numerical constant C' with

(2.10)

(2.11) ld¥|l L1z + 12l L1 (agy2) < C-

If this is verified, then it is enough to set, for every n > 1, z, = (¥, + V) +
(En + 2,). As noted in the proof of the finite case, it is enough to verify the
inequality for S¢(¥), that is, we need to show that for every 0 < A < oo,

AT(X(r,00) (Sc(¥))) < C.

For A > 1, the preceding inequality can be deduced as follows: first, it is clear that
T(X(r,00) (Sc(¥))) < A72(|Sc(®)|13. Note that since the triangular truncation is
a contractive projection in L2(M, 1), we have

1Sc(®)]13 = Z [EAMTE

8

Z ||P0 ndl'npO n”2

n=1

8

<Yl dengll3
1

n=

1 1
gD zne® — ¢ 2norg2, 2.

M8

-

Using Lemma 2.5 and Lemma 2.6 for no = 0, we can conclude that [|Sc(¥)||3 <
24 and therefore T(x(x,00)(Sc(¥))) < 24A72. Hence, for A > 1, we get that
AT(X (200 (Sc(¥))) < 24.

For X < 1, we will consider the case A\ = 27™ for some ng > 1. The proof
follows the same pattern as in the finite case. First, we make a reduction as in
Lemma 2.3:
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LEMMA 2.9: Let fp, = E?:no

(i) T(l - fno) < 2n0+1,,
(ii) 7(X(2-m0,00)(Sc(¥))) < @71 374" 7 (£, Sc(¥) fry) + 4(1 — )12

e, o € (0,1) and B € (0,1). Then:

Proof: For the first part, note that 1— f,,, = 329" e; = po— (A2 ¢ k))/\po
By the Kaplansky formula (see, for instance, [KR1, Theorem 6.1.6, p. 403]), w
have the equivalence, po — (A2, g2 Y Apy ~poV (Aryq? ) — o ,1(2"“)7
$01— fn, S1= A, q(z_k). We can estimate the trace as follows:

no

T(1 = fny) <71 = N\ ¢® )

k=0
ngy
=r(\/(1-¢*)
k=0
no -
< ZT(I —q®))
k=0
no
< Z ok < gnott
k=0

This proves the first part. The second part is done exactly as in Lemma 2.3.
1

We also have the corresponding result to Lemma 2.4:

LEMMA 2.10: The sequence (qﬁl _"°>an$3 ))n 1 Is also a supermartinga]e and

no 27 "0 27"0) 2
T(FaoSc(®)2 fny) < 52 108 V2ngl ™™ = ¢ 2 1gP 2.

Proof: As in the proof of Lemma 2.4, we have, for every N > 1,

N oo oo

fno‘s%' N f'no Z Z Z Z fnoel ndTne; ndxnej nfno

n=11=0 j=0i>maz(l,f)

We remark that if | < ng, then f, e;, = €;nfn, = 0. For this, we note that as
— % -k

et = Mecol@?® ™ Apon) - N (@ )/\po,nk), @@ < g forall k21

and po < po n, it is clear that f,, = Z‘:(;l(q(2 YAPo) — Aeco(@® ) Apg) is a

subprojection of /\iﬂo(qn ") Apo,n) when [ < ng and, by the definition of ¢; ,, it
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follows that f,, L e;,. With this property, we can rewrite the above equality as

fnosg',N fno Z Z Z Z fnoel ndTne; ndl'ney nfno

n=1l=ng j=no i>max(l,j)
- z I ( T Y andecindane, ) o
I=ngy j=no i>max(l,5)

Taking the trace, we get

N o
T(fﬂoS(‘ N(\I/)fno < Z Z Z Z el ndTne; ndxne] n)

n=1l=ngy j=no :>max(l,)

N o
7{€e;ndzn ( Z em> dznern)

i>l

3
Il
e I

N [e%s)
<y T(ez,ndcvn( > ei,n) drnern).
n=1l=ny i=mng

From Remark 2.8(iii), Yoo, €in < g2 "), and therefore

T(f‘nosg’, fno < Z Z T(el ndann )d}?nei n)

n=1l=ngy
N [e's)
= Z T(< Z € n) dann d:vn)
n=1 I=ng
N 0
— Z T(qg_no)dl‘n( Z e n) da‘nq(z_"”))

3
)

I=ng

r(qﬁf_"‘)’danﬁf_"‘”danf'"“)).

M=

3
1l
-

We can deduce the stated inequality as in the proof of Lemma 2.4. 1

Once we have the inequality in the preceding lemma, the rest of the proof is
accomplished exactly as in the finite case with 27™ instead of 270. ]

Theorem 2.1 can be extended to square functions of non-commutative sub-
martingales and non-commutative supermartingales.

COROLLARY 2.11: There exists a constant K such that if s = (s,)5%, is either
a submartingale or a supermartingale and is bounded in L'(M, 1), then there
exist two sequences y = (yn)32; and w = (wy)5%, such that:
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(i) for everyn > 1, 8, = yp + Wa;
(ii) for every n > 1, y, and wy, belong to L1 (M, 1,);
(iii) ldyllzrerz) + lldwllpre(aiz) < K supysy ||2allr-

For the proof, we will use the following lemma whose proof can be found in
[A, Proposition 2.4]:

LEMMA 2.12: Let (a;)™; be a finite sequence in M, w = (312, la;|*)/? and
s(w) is the support projection of w. Then there exists a unique sequence (b;)™,
so that:

(1) for every 1 < j <m, bjw = ay;

(2) XiZy bibi = s(w);

(3) 227;1 bja; = w.
In particular, ||(X72, lail®)' /21l < 3272, llaillr-

Proof of Corollary 2.11: 'We will present the proof for the case of a submartingale
(the adjustment to the supermartingale case is straightforward). The reduction
to the case of Theorem 2.1 is done by splitting the submartingale (s,)32, into
the sum of a martingale and an increasing sequence of positive operators. As
before, let
$1 forn =1,
Tn = {Sn + 0 s = E(s101) forn>2,

and
forn=1,

0
T { S Eilsig) — s forn > 2.
The following properties are immediate:

(a) (zn)2%; is a martingale with ||z, |1 < ||snl1;

(b) for every n > 1, z, + v, = 8y
(c) foreveryn>2, vy > vp_1 > -+ >0 =0.
Moreover, for every n > 1,

llonlly = 7(va)

n—1
=Y r(Else) - 51)
=1

n-1
= Z T(s1+1 — 1)
=1

= 7871 — 81) < 2||8a]l1,

s0 (vn )32, is an increasing, L'-bounded sequence of positive operators.
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Applying Theorem 2.1 to the martingale z = (z,)3%,, we have the decompo-
sition z, = yn + 2,. Moreover, from Lemma 2.12, we can conclude that

o0
lldvll 2 agizy < Y lldvalls
n=1

m
sup ) {ldvalx
m21 n=1

sup ||vlly < 2 sup [[smlli-
m>1 m>1

Forn > 1, set

Wy, = 2, + Up.

It is clear that s, = y, + w, for every n > 1. All required conditions follow from
properties of (y,)52; and (wy,)5%;. Details are left to the reader. |

Assume that M is finite and 7 is a normalized trace. From the fact that
Il -1lp <1l |l1,00 for every 0 < p < 1, we can also state:

COROLLARY 2.13: Assume that M is finite and 7 is a normalized trace. For
every 0 < p < 1, there exists a constant x, (depending only on p) such that if
s = (s,)%, is either a submartingale or a supermartingale and is bounded in
LY(M, 1), then there exist two sequences y = (y5)3%; and w = (w,)3%; such
that:

(i) for everyn > 1, sy, = ypn + Wp;

(ii) for every n > 1, y, and w,, belong to LP(M,,, 1,);

(iii) dylloragsz) + lldwllLearuz) < KpsuPysy (|2l

It would be desirable to have the decomposition in Theorem 2.1 to be in
LY(M,, 7,,) and the sequences y = ()%, and z = (2,)3%; being martingales in
LY(M, 7). Of course, in the hyperfinite case, the decomposition can be chosen to
be in LY(M,,7,) since L'(M,,7,)’s are finite dimensional, but for the general
case this is still open. We state this question explicitly.

PROBLEM 2.14: Does there exist an absolute constant C such that if ¢ = (£5)5%,
is a martingale in L'(M, 1), then there exist two L'-martingales y = (y5)3%;
and z = (2,)%; such that ¢, = yn + 2z, for every n > 1 and ||Sc(y)il1,00 +
[1Sr()Mh,c0 £ Cllzlhh?

It is also unclear if our approach can be used to settle the case of conditioned
square functions using our method. We will state this question explicitly: Let
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x = (Zn)n>1 be a finite sequence in M (not necessarily a martingale). Following
[JX1], we consider the quantities

1/2 1/2

oc(z) = (Zen_lqunﬁ)) and og(z) = (Z 5n_1(|dx;;|2)>
n>1 n>1
with the convention that £, = £;. These are the conditioned square functions of
the sequence (zn)n>1. Note that since (z,)n>1 is a sequence in M, |dz,|? € M
for every n > 1 and therefore £,_1(|dz,|?) and &,_1(|dz}|?) are well-defined for
every n > 1. In fact, one needs to consider sequences in LP(M, 1) for 2 < p < oo.
Generalizations of the non-commutative Burkholder inequalities were considered
by Junge and Xu in [JX1, Theorem 6.1] for the case p > 1. We were also unable
to settle the case p = 1 of conditioned square functions using our method. We
will state this question explicitly:

PROBLEM 2.15: Does there exist an absolute constant K such that if x =
(x,)$2, is a finite martingale in M, then there exist two sequences y = (y,)3,
and z = (2,)5%, such that t, = yn + 2, for every n > 1 and ||loc(y)|1,00 +

n=1

llor(2)llc0 < Kllzll?

3. Consequences to Hardy spaces

Throughout this section, we assume that M is finite and the trace 7 is normalized.
We recall the definitions of martingale Hardy spaces and martingale BMO. For
1 < p < o0, HEL(M) (respectively HE(M)) is defined as the set of all LP-
martingales & with respect to a filtration (My)n>1 such that dz € LP(M;I1%)
(respectively LP(M; %)), and set

Nzlla (r) = Hdellio(amnzy  and  llzlle () = ldll o anis,-

Equipped with the previous norms, H%.(M) and #% (M) are Banach spaces. The
Hardy space of non-commutative martingale is defined as follows: if 1 < p < 2,

HP(M) = He(M) + HR(M)
equipped with the norm

lzllar(any = inE{llyllaz (an) + l2llazan }

where the infimum runs over all y € HZ(M) and z € HE (M) that satisfy
z=y+zandif 2 <p < oo,

HP(M) = HE(M) N HE(M)
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equipped with the norm

2 llar vy = max{|zlla, rys Nllzz )
The martingale BM O was defined in [PX] as follows:

BMOg(M) = {a € L*(M,): sup||€nla — En-1a]*|leo < 00}
n>1

with £ga = 0. The space BMO¢(M) is a Banach space when equipped with the
norm
lallBroc (my = sup ||€xla — 5n—1a|2||<1>é2-
n>1
The space BMOg(M) is defined as the space of all a such that a* € BMO¢(M)
with ||all Bror(m) = ll@*llBMoc(m)- The space BMO(M) is the intersection of
BMO¢(M) and BMOR(M) with

llall Bmomy = max {llallroe (my» lall Brory } -

It was established in [PX] that, as in the classical case, the dual of H'(M) is
BMO(M).

Recall also the Zygmund space LlogL and its dual Les,. If LO(Q, F,P) is
the space of all (classes) of measurable functions on a given probability space
(Q, F, P), the class Llog L is defined by setting

LlogL = {feLO(Q,}',P): /|f|log+ ¥ dP<oo}4

Set ||fllzogr = flf[log+ |f] dP. Note that || - ||L10g L is not a norm but is
equivalent to the norm ||f|| = fo t)log(1/t) dt. As a Banach space, the dual
of Llog L consists of the class of functlons

Lepr = LOQ _i*(—)_
»={fer’@zp) oilt‘ilmog(l/t)“"}

with norm ||f||z.., = SuPgcs<; f¥(¢ )(1 + log(l/t ~1, where f* is the usual
decreasing rearrangement of f and f**( fo

The spaces LlogL and L., are rearrangement 1nvariant Banach function
spaces (see for instance [BS, Theorem 6.4, pp. 246-247]) so non-commutative ana-
logues Llog L(M, 7) and Ly, (M, T) respectively are well defined as described in
Section 2. We remark that if a martingale z is bounded in L log L(M, 7), then it
is uniformly integrable in L' (M, 7) and therefore is of the form z = (&n(2x))52,

with T € Llog L{M,T).
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The next theorem is the principal result of this section. It improves on a result
from [R1] and generalizes to the non-commutative case a classical inequality (see,
for instance, [G, Theorem III 3.2].

THEOREM 3.1: There is a constant K such that if x = (z,,)2, is a martingale
that is bounded in Llog L(M, 7). Then

Izl 22 (amy < K + K| Zooll L 10g L(M,7)-
By duality, we immediately obtain the following:
COROLLARY 3.2: There is a constant C such that for every x € BMO(M),
lzllz.., v < Clizllsaeomy-

The proof of the theorem is based on the following consequence of Theorem 2.1.
Recall the Lorentz-space LP'(M,7) as the space of all a € M for which

! dt
el = [ m@els <.

Equipped with such a norm, LP:'(M, 1) is a Banach space.
PROPOSITION 3.3: Let 1 < p < 2. For any LP-bounded martingale z = (x,)5,,
llzll22 (A1) < YollZoollp

where v, < C(p — 1)~ for some absolute constant C.

Proof: 1t is enough to assume that (z,,)%2; be a positive L2-bounded martingale.
By Theorem 2.1, there exists a decomposition (¥,)5; and (z,)%; such that

eyl L1 (agizy + lldzll g1 a2y < Kl
C R

The construction of dy and dz in Equation (2.1) also reveals that the same
decomposition satisfies

Nyl L2anizy + 2]l L2anizy < llzlla-

We can deduce that [{dylr(at,2) +lldzll Lo (mpz) < Cllzl|8)|z|i ¢ for an absolute
constant C' and an appropriate 0 < § < 1, so we can conclude that

Mzl Lo a2y e (muz) < Clizllpa-
C R
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Applying the non-commutative Stein’s inequality, we obtain that

[ zll2erty < Cpllllp,n

where v, is of order (p — 1)™! as p — 1 (see for instance [R1, Theorem 5.3],
also [JX2] for more in-depth discussion of order of growth of different martingale
inequalities). |

Proof of Theorem 3.1: The proof presented below is reminiscent of an old
argument used in the book [Z, Vol II, p. 119] for the classical Hilbert trans-
form. Let £ = (£,(%0))3; be a martingale with 7(|ze|log™ [o]) < 00. Let
a = |Zoo| and set (e;); to be the spectral decomposition of a. For each k € N,
let P, = x[2x-128y(a) be the spectral projection relative to [2571,2%). Define
ax = abPy for k > 1 and ap = ax[p1)(a). Clearly a = 372 ax in L' (M, 7).

For every k € N, consider the martingale z(* = (£,(z00Pt))%%;. Then from
Proposition 3.3,

2™ Ny < 189 lagorn) < Yolle® 1,1
So for every 1 < p < 2, there is a constant C' such that
M2 agy < Clo = 17z lp,1
Since [|2®|, 1 = |laxllp,; and ax < 25 Py, we get, for 1 < p < 2,
2™ (133 aay < Clp — 1) 71281 Pyl p.1.

But we remark that u(Py) = x(0,-(p))(t) so

7(Pr)
1Pillpa = / /771 gt = pr(P)M? < 27(Py)V/?
0

and therefore
2|31 a0) < 2C(p — 1) 71257 () /P

Hweset p=1+1/(k+1) and gz = 7(Py), we have
le® 1 (aey < 20(k + 128y D/ EF),

Taking the summation over k,

[e0)
Il € S 20(k + 1) 25D/ 042,
k=0
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We note as in [Z] that if J = {k € N; 5, < 37*} then

o0
ZQC(,H_ 1)2kn,(ck+l)/(k+2) < Z2C(k+ 1)2k(3—-k)(k+1)/(k+2) = o< oo
keJ k=0

On the other hand, for £k € N\ J, nﬁskﬂ)/(k”) < 38/ (542 < By where 8 =
supy, 3¥/(5+2) . S0 we get

o0
I ll2 ) < @ +2C8 Y (k+ 1)28n;
k=0

< o +20B(no + 4m) + 208 > (k +1)25 .
k>2

Since for k > 2, k+1 < 3(k—1), we get

el ) < @ +10C8 +6CBD (k- 1)26 .

k>2
To complete the proof, notice that for k > 2,
2k
(k—1)2% 1y = / (k = 1)281 dr(e;)
2k~—1
2k
tlogt
<
- /2k_1 log 2 dr(er),

as 281 < t and therefore (k — 1) log2 < logt. Hence if we set
K = max{a + 10CB,6CB(log2) "'},
then we get
Izl ry < K + K7(a log™ a).
The proof is complete. |

We conclude with the following remark. Recall the non-commutative analogue
of Burkholder-Gundy inequalities proved in [PX]: If 1 < p < co and z € LP(M, 1)
then

(BGy) ay el < ll2lly < Bpllellre -

The optimal order of magnitude of the constant o, (when p — 1) is still an
open question. It is now known that it lies between (p —1)~! and (p — 2)~2 (see
[JX2] for more details). Theorem 3.1 provides an indication that it should be
(p —1)~! but we are unable to verify this at this point.
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